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This study explores how teachers understand and translate curriculum statements into 
concepts that are better suited to supporting student progress with rich mathematical 
problem-solving tasks. We report the actions of one experienced teacher of primary 
mathematics in charting the sequence of concepts and processes relevant to the above issue. 
We contend that the study embellishes Pedagogical Content Knowledge dimensions of the 
framework advanced by Ball, Hill and Bass (2005). Implications for field experiences of 
prospective teachers of mathematics are discussed. 


Background 

The need to be innovative about programs that are used to support prospective teachers 
of mathematics continues to be a challenge for tertiary educators. The task is complicated 
by the ever changing demands of school environments, precipitated by a mobile student and 
teacher population that is expected to function in a competitive globalised world. In such 
fluid classroom environments, teachers have to contend with meeting professional standards 
of performance (NSW Institute of Teachers, 2005), as well as curriculum reforms such as 
the adoption by the states of the National Curriculum (ACARA, 2010) Mathematics 
curriculum documents, among other things, identify core content areas and learning 
outcomes for teachers. It is a teacher’s responsibility to translate the statements of content 
and learning outcomes into appropriate teaching actions and learning activities in the school 
environment. Against this background, what is the nature of a teacher’s knowledge base 
that is required in making the transition from curriculum statements to action in the 
classroom? 

We explored the above question initially by examining the quality of knowledge that 
pre-service teachers (PSTs) could bring to the design, solution and teaching of mathematics 
problems for young children (Authors, 2010, 2011). The results of these studies indicated 
that PST’s tend to have built a reasonably robust body of mathematical content knowledge. 
However, as expected, they experienced difficulties in comprehending and translating 
curriculum statements into designing of learning activities that are rich and engaging and 
showed a degree of alignment with the spirit of the curriculum statements. In particular, we 
found that PSTs could not unpack the learning outcomes as presented in the K-6 
mathematics curriculum (Board of Studies, 2006) in ways that would foreground the 
underlying mathematical concepts in the design of learning tasks. 

In order to better understand the above issue, we sought to draw on studies of teacher 
expertise with the view to generating infonnation about what this group of teachers faced 
regarding content and learning outcome statements that appear in K-6 mathematics 
curriculum. Expert-novice studies of mathematics teachers and teaching have made 
important inroads into our understanding of teacher cognition and the psychology of 
mathematics teachers (Chinnappan & Lawson, 2005; Leinhardt, 1987, 1988, 1989; 
Schoenfeld, 2000). A significant finding from this stream of research is that teachers draw 
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on robust content knowledge but this knowledge has to be utilised flexibly in supporting 
learning. This point has been foregrounded in recent works by Ball and colleagues at the 
University of Michigan. 


Objective 

The aim of this study was to understand an aspect of mathematics teachers’ Pedagogical 
Content Knowledge (PCK) in the domain of primary mathematics, by describing the 
knowledge and actions of one experienced primary mathematics teacher as she attempted to 
develop a problem-solving task on the basis of a K-6 Mathematics curriculum that is 
adopted in the state of New South Wales (NSW), Australia. 

Theoretical Framework 

Data analysis and interpretations of our participant were guided by a model of 
Mathematical Knowledge for Teaching proposed by Ball, Bass, and colleagues (e.g., Ball et 
ah, 2008). Under this model, Mathematical Knowledge for Teaching (MKT) is comprised 
of Subject Matter Knowledge (SMK) and Pedagogical Content Knowledge (PCK). 
Pedagogical Content Knowledge is knowledge of suitable teaching strategies for the content, 
including knowledge of how to arrange components of the content for effective teaching. 
Subject Matter Knowledge (SMK), on the other hand, is knowledge of content that is not 
necessarily related to the way that mathematics could be taught. Both types of knowledge 
are considered relevant to the study of mathematics in the education context, and the 
division of SMK and PCK allows research to focus in each domain. A diagrammatic 
representation of the Mathematical Knowledge for Teaching (MKT) model is depicted in 
Figure 1. 
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Figure 1. Schematic representation of teacher knowledge for teaching mathematics 
(Hill, Ball & Schilling, 2008: 174). 


In the present study, we focus on the domain of Pedagogical Content Knowledge (PCK). 
Three dimensions are identified within PCK (see Figure 1). 
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Knowledge of Content and Students (KCS) 

Knowledge that combines knowing about mathematics and knowing about students. 
Knowledge of how to: anticipate what students are likely to think; relate mathematical ideas 
to developmentally appropriate language used by children. 

Knowledge of Content and Teaching (KCT) 

Knowledge that combines knowing about mathematics and knowing about teaching. 
Knowledge of how to: sequence content for instruction; determine instructional advantages 
of different representations; pause for clarification and when to ask questions; analyse 
errors; observe and listen to a child’s responses; prompt, pose questions and probe with 
questions; select appropriate tasks. 

Knowledge of Content and Curriculum (KCC) 

In a more recent model (Ball, 2010), the dimension of Knowledge of Curriculum was 
developed into Knowledge of Content and Curriculum ( KCC) thus emphasising the link 
between mathematical content knowledge and understanding of mathematics curriculum 
including statements of learning outcomes, assessment strategies and lesson planning 
sequences as well as the development of learning sequences that are appropriate for different 
grade levels. 

In this paper we provide data to indicate links between knowledge of mathematics 
curriculum KCC, KCS and KCT as demonstrated by an experienced teacher. 


Method 


Design and Participant: 

The research design was a case study involving an experienced teacher of primary 
mathematics. The teacher was a volunteer with 25 years of classroom experience and had 
been judged by her peers to be an outstanding practitioner in the state of NSW, Australia. 
This teacher will be referred to as Julia. 

Procedure 

Julia was invited to participate in two, two-hour interviews. Semi -structured interview 
questions were used to generate data in this present study. During the first interview, Julia 
was informed about the purpose and objectives of the study. At this interview Julia was 
asked to think about how she uses the NSW K-6 Mathematics (2002) curriculum for lesson 
planning and teaching. Specifically, Julia was encouraged to design a rich learning task that 
would be appropriate for children in Year 6 (11 year olds) in Australia. During the second 
interview, Julia was asked to talk about the major strands of the curriculum and links to the 
learning task that she had designed. 


Data Sources 

The primary data source for the present study was responses from Julia to the semi- 
structured interview questions. Responses that are relevant to this study of Pedagogical 
Content Knowledge are reported in the Results and Conclusions section - Rich Learning 
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Task (Truss Bridge problem Figure 2), Conceptual Trajectory (Table 1) and Learner 
Scaffoldings (Table 2). 


Results and Conclusions 


Rich Learning Task 

The Rich Learning Task that was designed consisted of the photograph shown in Figure 
2, followed by a set of questions relating to numbers of paddle pop sticks required for the 
side of this bridge, and the pattern that describes how many paddle pop sticks would be 
required for any length bridge. The questions also encourage thinking about other situations 
that may use this type of pattern. 



Figure 2. Truss Bridge Problem (TBP) 

The solution of the problem involves integration of content knowledge from a number of 
strands such as number, geometry and algebra, and use of a range of problem-solving 
strategies, such as reasoning and pattern identification. We see the richness of the Truss 
Bridge Problem as providing evidence of Julia accessing and integrating content knowledge, 
in a manner that will encourage students to think deeply about the application of 
mathematics in a real-life context. This demonstrates the teacher’s activation of KCT and 
KCS. 

During the second interview, Julia responded to our questions about the major strands of 
the curriculum and links to the learning task that she had designed. In order to examine 
linkage between Knowledge of Content and Curriculum (KCC) and Knowledge of Content 
and Teaching (KCT) we cross-correlated Julia’s responses regarding Content and Process to 
the curriculum Content and Process Statements. The set of Content and Process data 
obtained is included as a Conceptual Trajectory in Table 1. 

In Table 1, curriculum statements are labelled as laESl, 2aESl, 2aS3 and so on. For 
example, laESl refers to a curriculum statement involving a geometry concept. The 
corresponding label for algebra is 2aESl. The translations by Julia are labelled as lbESl, 
2bESl and so on. We note a number of connections in the participant’s translations of the 
curriculum statements to the planned task. Firstly, Julia is very focussed on and explicit 
about the geometric and algebraic concepts that are played out at each of the Learning 
Stages (BOS, 2002) for children. For example, for children in Early Stage One (ESI), the 
curriculum states that ‘Students learn about comparing and describing closed shapes and 
open lines’ in the area of geometry (laESl). This is interpreted by Julia as ‘Identifies 
triangles in pictures and in real-life contexts’ (lbESl) in the context of the Truss Bridge 
Problem. Secondly, she demonstrates the sequencing of concepts as she moves from Early 
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Stage One (ESI) to Stage Three (S3). Thus, within each Stage of learning Julia attempts to 
translate the corresponding curriculum statement into a form that is required and used in 
understanding and solving the Truss Bridge Problem. We contend that the identified 
activation of Knowledge of Content and Curriculum (KCC) and Knowledge of Content and 
Teaching (KCT) in this context demonstrates this mathematics teacher’s Pedagogical 
Content Knowledge (PCK) in the domain of primary mathematics. 


Table 1 

Conceptual Trajectory 



Content and processes statements 
as per the K-6 syllabus 

(Board of Studies, 2006) 

Julia’s translations of the K-6 
syllabus content and processes for 
the designed task 


Geometry 

Algebra 

Geometry 

Algebra 


laESl - Students 

2aESl - Students 

lbESl - Students 

2bESl - Students 

Early 

Stage 

(ESI) 

learn about 

learn to ask questions 

identify triangles in 

recognise, copy and 

comparing and 

about how repeating 

pictures and in real- 

continue repeating 

describing closed 
shapes and open 
lines 

patterns are made and 
how they can be 
copied on continued 

life contexts. 

patterns using shapes 
e.g.VAVA 


laSl - Students 

2aSl - Students leam 

lbSl- Student 

2b SI - Students 

Stage 1 
(SI) 

learn about sorting 

to represent number 

identify sides and 

determine a missing 

2-Dimensional 
shapes by a given 
attribute. 

patterns using 
diagrams, words, 
symbols 

corners of triangles 

element in a number 
pattern e.g. 3, 6, 9, 

□, 15 


laS2 - Students 

2aS2 - Students leam 

lbS2 - Student make 

2b S2- Students 


learn to recognise 

to pose problems 

representations of 

make a number 

Stage 2 
(S2) 

that a particular 

based on number 

triangles in different 

pattern using trusses 

shape can be 
represented in 
different sizes and 
orientations 

patterns 

orientations 

and pose a problem 
based on that pattern 


la S3 - Students 

2aS3 - Students learn 

lbS3 - Students 

2bS3 - Students 


leam to explain 

to use a number of 

compare and 

work through a 


classification of 2-D 

strategies to solve 

describes side 

process of building a 

Stage 3 
(S3) 

shapes 

unfamiliar problems 

properties of 
equilateral, isosceles 
and scalene triangles 

truss with a series of 
equilateral triangles, 
to determine a rule 
that links the number 
of trusses and length 
of any bridge 


We also investigated the activation of Knowledge of Content and Students (KCS) and 
Knowledge of Content and Teaching (KCT) during the second interview conducted with 
Julia. Our interview generated response data, consisting of infonnation about potential areas 
of difficulty that could be encountered by the children while solving the Truss Bridge 
Problem questions. These data are presented as Learner Scaffolding in Table 2. 
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Table 2 

Learner Scaffolding 
Likely Difficulties for Students 

Interpreting a 3D object in a 
photograph to visualise a 2D side 
view (elevation). 

Knowledge of equilateral triangles 
(beams are equal length). 

Recognition of an inverted triangle 
Recognition of series of beams 

Lack of knowledge of a truss 

Cannot conceptualise shared side in 
truss 

Cannot visualise how the pattern 
could continue 

Does not know how to count the 
beams 


Does not know how to record 
patterns clearly and/or efficiently. 


Cannot detennine a rule for the 
pattern from the table 


Useful Representations to Aid Understanding 


Photo with triangles highlighted 

Construct equilateral triangles with paddlepop 
sticks 

Manipulation of paper triangles to fonn alternate 
pattern 

Highlight the beams in different colours 
Build the beams in different colours 

View real world examples such as crane, bridge, 
power line towers 

Highlight shared side between two triangles 

Draw on the photograph 

Build the side using paddlepop sticks 

Touch each stick and count. 

Draw the side view. Mark each side while 
counting (one to one correspondence). 

Draw table and demonstrate use of the table 
(students can use supporting representations e.g. 
drawings, paddlepop stick model to complete the 
table). 


N° A 

1 

2 

3 

N° 

sides 

3 

5 

7 


Start with one beam and show that every new 
triangle requires two more beams 

one + twice the number of triangles 


The left-hand column of Table 2 shows Julie’s anticipated possible student difficulties, 
while in the right-hand column are Julie’s suggestions to assist and support students. For 
example, if children experience difficulty with recognition of an inverted triangle, Julia 
suggested that teachers could provide an activity where children could experiment with the 
different orientations of a triangle (Manipulation of paper triangles to fonn alternate 
pattern). We contend that these responses demonstrate activation of KCS and KCT that was 
triggered by Julia’s analysis of difficulties children may experience when solving the Truss 
Bridge Problem (TBP). There is evidence of our participant decomposing and integrating 
elements of the TBP. Julie clearly provided an in-depth analysis of potential challenges in 
solving the Truss Bridge Problem, and appropriate assistance in the fonn of representations 
to aid understanding. In addition, Julie alluded to the necessity of timely support for 
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individual children at their point of need. A result in the classroom of this activation of 
KCT could be effective time management, as the children could be given suitable time to 
individually experiment with important concepts and their representations, both in concrete 
and abstract fonns. 


Discussion 

In advancing frameworks of Mathematical Knowledge for Teaching, Ball (2010) has 
shown the importance of teachers connecting their Subject Matter Knowledge and 
Pedagogical Content Knowledge. This study is an attempt to provide insight into li nk s 
between the components of Pedagogical Content Knowledge (PCK). In designing a rich 
learning task an experienced teacher draws on Knowledge of Content and Curriculum 
(KCC) and Knowledge of Content and Teaching (KCT). These are components of 
Pedagogical Content Knowledge. This study also identifies that there are li nk s between 
Knowledge of Content and Students (KCS) and Knowledge of Content and Teaching 
(KCT), demonstrated through the development of appropriate learner scaffolding in the 
context of designing a rich learning task. 

The translation of mathematical content knowledge by the teacher is evidenced by the 
development of a rich learning task and in articulating the pedagogical significance of the 
task in light of its conceptual underpinnings. This translation lies at the heart of teachers 
having to restructure their knowledge, which featured strongly in arguments developed by 
Putnam (1987) and Tamir (1988) about knowing mathematical content in different forms 
that are germane to teaching. 

Although our study was limited to one teacher’s knowledge and actions, there are 
lessons here for tertiary programs that aim to prepare future teachers of primary mathematics 
(Mewbom, 2001). Specifically, we contend that in supporting pre-service teachers we need 
to go beyond assessing their content knowledge of mathematics and provide learning and 
field experiences where they are immersed in activities that enable them to a) discuss 
curriculum statements, b) draw out the relevant mathematical concepts and c) identify areas 
of difficulty. Such experiences could then be utilised in the design of rich learning tasks for 
children. A closer examination into relations between the components of Mathematical 
Knowledge for Teaching is required in order to support Pre-Service mathematics teachers 
with innovative programmes. 
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